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PRELIMINARY VERSION 



Abstract. We prove an analogue of a theorem of S.P. Smith on universal enveloping 
algebras ([ZD) in the context of locally analytic representation theory. Let G be a p-adic 
Lie group whose Lie algebra is split semisimple. Let r be half the dimension of a minimal 
co-adjoint orbit. The values of r are well-known. We show that the canonical dimension 
of any admissible locally analytic G-rcprcsentation which is not zero-dimensional is at 
least r. We prove this result by reducing it to an analogous statement for modules over 
p-adically completed deformations of universal enveloping algebras which was established 
in a recent preprint by K. Ardakov and S. Wadsley ([3]). 
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1. Introduction 

Let p be an odd prime number and Q p C L C K C C p a chain of finite extensions of Q p . 
Let G be a d-dimensional locally L-analytic group (e.g. the group of rational points of a 
linear algebraic group over L). 

In a series of papers (cf. [IB] for a survey) P. Schneider and J. Teitelbaum have developed a 
theory of admissible locally analytic 67-representations. On the one hand, this theory has 
found substantial arithmetic applications in the field of p-adic automorphic forms, p-adic 
interpolation or the p-adic Langlands programme. On the other hand, it is of independent 
representation theoretic interest not only because it provides a unified framework for 
studying finite-dimensional algebraic representations as well as the admissible-smooth 
representations of Langlands theory. Apart from the latter two classes there are many 
representations which are genuinely locally analytic. A possible way to organize this 
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situation and, more specifically, to meisure the 'size' of the vector space underlying a 
representation (which usually is of infinite vector space dimension) one may introduce 
an Auslander-Gorenstein style dimension function on the abelian category Rep G (K) of 
admissible locally analytic G-representations over K (cf. |19p ). It associates a well- 
defined number < dim(V r ) < d to each nonzero admissible representation V. In this 
way one obtains a filtration of Rep G (K) by Serre subcategories 

Rep a G (K) = Rep a G (K) d D Rep a G (K) d ^ D ... D Rep a G (K) 1 D Rep G (K) 

where V lies in Rep G (K)i if and only if dim(V) < i. The aforementioned algebraic 
representations and the smooth-admissible representations are concentrated in dimension 
zero. 

In this note, we investigate this situation under the additional assumption that the Lie 
algebra LieiG) of G is split semisimple over L. It turns out that, in this case, there is a 
large 'gap' in the above filtration. Namely, let Gc be a complex semisimple algebraic group 
having the same root system as Lie(G) and let r be half the smallest possible dimension 
of a non-zero co-adjoint Gc-orbit. The values of r are well-known (cf. 13.51 below). Our 
main result says that if V is an admissible locally analytic G-representation over K which 
is not zero- dimensional then dim(V) > r. Moreover, we show that an admissible locally 
analytic G-representations is zero- dimensional if and only if its associated coherent sheaf 
(in the sense of [19]) consists of finite-dimensional K- vector spaces. 

We remark that the above theorem was inspired by a classical theorem of S.P. Smith 
on universal enveloping algebras of semisimple Lie algebras ([2T|) as well as a p-adically 
completed version of this theorem established in a recent preprint by K. Ardakov and S. 
Wadsley ([3]). In fact, the results on locally analytic distribution algebras as obtained in 
[TB] and [T5J enable us to make a rather straightforward reduction to the case treated in 

The author is grateful to K. Ardakov for some useful discussions concerning the work [3j. 

Notation: Let p be an odd prime. Let Q p C L C K C C p be a chain of finite extensions 
of Q p . The absolute value |.| on C p is normalized as usual by \p\ = p" 1 . Let ol C L 
be the ring of integers and ir^ € ol a uniformizer. Let n and e be the degree and the 
ramification index of the extension L/Q p respectively. Also, ok C K denotes the integers 
in K and tik € ok a uniformizer. Let k := ok/{^k) denote the residue field of K. 
An Oftf-submodule of a vector space V over K is called a lattice if it contains a basis of V 
over K. 



In [loc.cit.] the authors consider the associated codimension function. 
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2. Distribution algebras of L-uniform groups 

2.1. We refer to [6] for the definition and a thorough discussion of uniform pro-p groups. 
Let G be a uniform pro-p group of dimension d := dimq p G. Let hi,...,hd be a set of 
topological generators. In particular, any element g G G can uniquely be written as 
g = h^ 1 ■ ■ ■ hj d with Ai, A^ G Z p . According to [loc.cit.], Thm. 4.30 the operations 

A • x = x x , 

x + y = lim i ^ 00 (x pl y pl ) p ~\ 

[x,y] = \im i ^ 00 (x~ pl y~ pl x pl y pl ) p ~ 2 * 

for x,y G G and A G Z p define on the set G the structure of a Lie algebra Lq over Z p . 
This Lie algebra is powerful in the sense that it is a free Z p -module (of finite rank d) and 
satisfies [L G , L G ] C pL G (recall p ^ 2). 

Let Lie(G) denote the Lie algebra of the locally Q p - analytic manifold G and 

expo '■ Lie(G) > G 

its exponential map. There is a canonical inclusion of Z p -Lie algebras Lq C Lie(G) such 
that exp G is defined on Lq and maps it bijectively onto G. Moreover, the Z p -lattice 
Lq C Lie(G) is uniquely determined by these two properties ([loc.cit.], sect. 4.5/9.4). 

2.2. Now let G be a compact locally //-analytic group of dimension d = dim^G. We will 
occasionally write G for its locally Q p -analytic structure induced by scalar restriction 
to Q p whenever we need to emphasize this. We point out that there is a canonical 
isomorphism of Q p -Lie algebras Lie(G) ~ Lie(Go) ([4J, 5.14.5) which we will use to 
identify both Q p -algebras from now on. Following , we call G L-uniform if 

(1) G is uniform pro-p, 

(2) the Zp-submodule L G C Lie(G) is stable under multiplication by ol (and so is an 
o^-submodule of Lie(G)). 

We remark that any compact locally L-analytic group G has a basis of neighbourhoods 
of 1 G G consisting of open normal subgroups which are L-uniform ([15], Cor. 4. 4). 

Let in the following G be a locally L-analytic group of dimension d which is L-uniform. 
Then Lq is a free o^-module of rank d. Let pi, ...j^ be an o^-basis of Lq and let vi, v n 
be a Zp-basis of ol with the additional property v\ — l. Then the elements 

hij := exp G (w i p j ) 

are a set of topological generators of G of cardinality nd = dimQ p G - 

2.3. For the definition and main properties of locally analytic distribution algebras 
we refer to [19]. Let D(G) := D(G,K) be the algebra of Lf-valued locally L-analytic 
distributions on G and define D(G ) similarly for Gq. These are topological Lf-Frechet 
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algebras and the inclusion of locally L-analytic functions into locally Q p -analytic functions 
on G gives rise to a quotient map of topological algebras 

D(G ) — ► D(G) 

whose kernel ideal is generated by the kernel of the natural map 

(2.3) L ®q p Lie(G ) — > Lie(G), a <g> j: i-> aj: 

([15], lemma 5.1). 

The underlying K- vector space of D(Gq) admits the following description. Fix an ordering 
of the generators hy. Let % := — 1 G Z[G] and h a := fj^ b^ 3 G Z[G] (in the given 
ordering) for a G No d . Then D(Gq) equals the set of all convergent series 

a = d « ha 

with d a G K such that the set {|d a H a '}a is bounded for all real numbers < r < 1. 
The family of norms ||.|| n 0<r<l where 

| |A| | r := sup Ida, |r 

a 

respectively their quotient norms define the Frechet topologies on D(Gq) respectively 
D(G). The norms belonging to the interval p" 1 < r < 1 where r G are multiplicative. 
In this case the corresponding norm completions D t {Gq) and D r {G) of D(Gq) and D(G) 
respectively are i^-Banach algebras. Furthermore, we emphasize that the norms in this 
case do not depend on the choice of minimal set of topological generators for the group 
G ([19], discussion after Thm. 4.10). 

2.4. Let r G such that p" 1 < r < 1. There is the following norm filtration on D t (Gq) 
defined by the additive subgroups 

F r 'D r (G ) := {A G D r (G ), \\X\\ r < p~ s }, 

F r s +D r (G ):= {A G D r (G ), ||A|| r <p- s } 
for s6K with graded ring 

gr' r D r (G ) := ® seR gr s r D r (G ) 
where gr s r D r (G Q ) := F r s D r {G )/F r s+ D r {G ). 

We may use the quotient norm of ||.|| r to define a norm filtration on D r (G) as above. It 
coincides with the quotient filtration of F'D r (G ). We denote the associated graded ring 
by gr' r D r (G). 

Similarly, the absolute value on K induces a filtration and a graded ring grK as above. 
The choice of uniformizer ttk induces an isomorphism of grK with the ring of Laurent 
polynomials in one variable over k. The rings gr° D r (Go) and gr° D r (G) are naturally 
grii'-algebras. 
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Now let additionally p~ x < r < 1. Then Thm. 4.5 of [19] shows that each gr* D t (Gq) 
equals a polynomial ring over grK in nd variables (the principal symbols of the by). Hence 
any gr* D r (G) will be a commutative gri^T-algebra. 

2.5. Let {G pm }m>o be the lower p-series of the uniform pro-p group G, i.e. 

G pm := {g pm :geG} 

for m > 0. Each G pm is a characteristic open uniform pro-p subgroup of G of index p mnd . 
The set {G pm } m constitutes a neighbourhood basis of 1 G G. Because of L QP ^ = p m L Go 

each open subgroup G pm , endowed with its induced locally L-analytic structure, is L- 
uniform. By functoriality of D(-) ([5]) we obtain a series of subalgebras 

D(G ) 2 D(G P ) d D(Gl 2 ) d ... 

which yields, by passage to quotients, a series 

D(G) D D{G P ) D D(G p2 ) D ... 

of subalgebras of D{G). For each m > we may apply the above discussion to the group 
G pm and obtain a family of norms ||.||r" 1 ' ) on D(Gq ) as well as quotient norms q™ on 
D(G pm ). Of course, these norms again induce nitrations and graded rings as explained 
above whenever r with p~ x < r < 1. 

To ease notation we put for m > from now on 



r m := P VVp. 

In particular, r = 

Lemma 2.6. TTie ring extension D{G P ) C D(G) completes to a ring extension 

D ro (G pm ) C D rm (G) 

and D rm (G) is a finite and free (left or right) module over D ro (G pm ) on a basis any system 
of coset representatives for the group G/G pm . 

Proof. This is a slight generalization of [TS], Lemma 7.4 using the fact that the norm 
on D{Gq) restricts to ||-||ro on the subring D(G P ) C D(G ). This latter fact is 
itself a mild extension of [loc.cit.], Prop. 6.2 which follows with the same proof given 
there. □ 

2.7. We remind the reader ([12], 1.5.8) that a crossed product of a ring 5 by a group 
is an associative ring S * H which contains S as a subring and contains a set of units 
H = {h : h G -ff}, isomorphic as a set to if, such that 

(i) S* * H is a free left S'-module with basis H; 

(ii) for all x,y G H, xS = Sx and x ■ yS = xyS. 
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Given such a crossed product one obtains maps o : H — > Aut(S') (an action) and r : 
H x H —> S x (a twisting) by the rules a(x)(s) = x~ l sx and x ■ y — xyr(x, y). It follows 
that a defines a group homomorphism H — > Out (5*) and that r is a 2-cocycle for the 
natural action of H on S x via a. Conversely, starting with a ring S, a group H, a group 
homomorphism a : H — >■ Out (5*) and a 2-cocycle t : H x H S x one can construct 
an associative ring 5 * ct ,t if which is a crossed product of S by H having the prescribed 
action and twisting ([H]). 

By elementary properties of D(-) the ring D(G) is a crossed product of the ring S : = 
D(G pm ) by the group H := G/G pm with action and twisting given as follows. Fix a set 
of representatives H C G C D(G) X for the group G/G pm . Then cr(/i)(s) = where 
denotes the Dirac distribution in D(G) associated to h E H . On the other hand, given 
h\ , hi G H we have 

5/11^2 = 5 Al 7i 2 = 5/ l3 r(/ii, /i 2 ) 

with some uniquely determined /13 G if, r(/ii, ^2) G G pm and the resulting t : H x H 
qp 111 - q gx e q Ua l s the twisting. 

As we have pointed out the norm ||.||rl/ ) on S = D(G pm ) is independent of the choice of 
topological generators for the group G pm . This means that for h G G the conjugation 
automorphism on S = D(G pm ) given by x 1— > S^ 1 x5h is an isometry. Thus, a extends to an 
action H — > Out(D ro (G pm )). Likewise r extends to a 2-cocycle with values in D ro (G pm ) x 
and we may form the crossed product 

Corollary 2.8. There is a natural K -algebra isomorphism 

D ro (Gn**,rG/G pm AlUG). 

Proof. The preceding lemma gives a i^-algebra homomorphism D ro (G pm ) * UtT G/G pm — > 
D Tm {G) induced from the inclusion D ro {G pm ) C D Tm {G) which is bijective. 

□ 

Remark: In the case L = Q p this answers a question in [3], 1.5. 

2.9. We fix m > 1 and consider the filtration on the Banach algebra D ro (G pm ) induced 
by the norm q™. The nd elements h p - are a minimal ordered set of topological generators 

for the group G pm . Define the d elements Cj := h\^ — 1 and let cP = TJ . Cj 3 for (3 G N d . 

Lemma 2.10. Lei m > 1. The graded ring gr' o D ro (G pm ) equals a polynomial algebra 
over grK in the principal symbols of the d elements Cj. The K -vector space underlying 
D ro (G pm ) is given by all series 
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with \d(s\r ^^ — > for \(3\ — > oo. Moreover, the norm g™(A) may be computed as 

q™(\) = su V q™ (d^)= sup \dp\r m . 

P P 

Proof. We have already remarked (proof of lemma 12.61) that \\.\\r2. restricts to ||.||ro on 
the subring D(Gq ) C D(Go) from which we obtain an inclusion of rings 

gr ro D ro {Gf) C gr rm D rm (G ) 

by left exactness of the functor gr. Since m > 1 we have p" 1 < r m . Thus the right-hand 
side is a commutative ring. It follows that gr rQ D rQ (G^ ) is a polynomial algebra over 
grK in the nd principal symbols of the h p - — 1. Arguing as in [T5], Prop. 5.6/9 the 
quotient gr ro D ro (G pm ) equals a polynomial algebra in the principal symbols of the Cj and 
the remaining statements follow from this. 

□ 

Remark: The result generally does not hold for m = 0: let L = Q p and Z P [[G]] C D ro (G) 
be the completed group ring of the profinite group G. By one of the main theorems of 
M. Lazard's seminal paper on p-adic analytic groups ([H], Thm. III. 2. 3. 3) the algebra 
<?r ro Zp[[G]] equals the universal enveloping algebra of a certain Lie algebra associated to 
the group G which, generally, is non-abelian. 

Still assuming m > 1 the preceding discussion shows that the ox-submodule F^D ro (G pTn ) 
of D ro (G pm ) consists of all series 

a = z^/pf 1 ■ ■ ■ (p*IpY* 

with \ep\ < 1 and \e$\ —> for \f3\ — > oo. Mapping such a series to Yli&{ e P m °d tik)^ 1 ■■■u l3 d d 
induces an isomorphism of /c-algebras between 

gr° r D ro (Gn = F?D ro (Gn/KKF?D ro (Gn 
and the polynomial algebra over k in the variables u\, Ud- We see that the o^-subalgebra 
F® Q D ro (G pm ) is a 7rft-adically separated and complete lattice in the K-algebra D ro (G pm ). 
Moreover, the 7Tx-adic reduction of this lattice is endowed with a positive and hence 
complete split Z-filtration given by total degree with respect to the variables Uj. We 
conclude that D ro (G pm ) is a complete doubly filtered K -algebra in the sense of [3], Def. 
3.1 with 

(2.10) Gr(D rQ (G pm )) := gr(gr° ro D ro (G pm )) ~ k[u u ...,u d ]. 

3. Dimensions 

3.1. We recall (cf. chap. III.) the notion of an Auslander regular ring. Let R 

be an arbitrary associative unital ring. For any (left or right) i?-module iV the grade 
jn(N) is defined to be either the smallest integer / such that Exk l R (N, R) ^ or oo. A 
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left and right noetherian ring R is called left and right Auslander regular if its left and 
right global dimension is finite and if every finitely generated left or right i?-module N 
satisfies Auslander 's condition: for any I > and any i?-submodule L C Ext^,(iV, R) one 
has j R (L) > I. 

In the following the term module always means left module. Noetherian rings are two- 
sided noetherian and other ring-theoretic properties such as Auslander regular are used 
similarly. 

Let R be an Auslander regular ring and M a finitely generated .R-module. The number 

dfl(M) := gld(R) — Jr(M) 

is called the canonical dimension of M. The map M i— y dn(M) is a finitely partitive exact 
dimension function in the sense of [12], §6.8.4 and §8.3.17. For this and more details on 
the canonical dimension for finitely generated modules over an Auslander regular ring (or 
more generally, an Auslander- Gorenstein ring) we refer to |lUj . 

A commutative noetherian ring is Auslander regular if and only if it is regular ([11]. 
III. 2. 4. 3). Let R be an associative ring endowed with a separated exhaustive Z-filtration 
by additive subgroups such that R is complete in the filtration topology. If the associated 
graded ring of R is Auslander regular of (left and right) global dimension d then R 
is Auslander regular and has (left and right) global dimension < d ([loc.cit.], II. 2. 2.1, 
II.3.1.4, III.2.2.5). 

3.2. We return to the situation of the last section and use the same notation as there. In 
particular, G denotes a locally L-analytic group which is L-uniform. The rings underlying 
the i^-Banach algebras D ro (G pm ) and D Tm (G) are noetherian ([IHj, Thm. 4.5). 

Proposition 3.3. Let m > 1 and let A denote one of the rings D ro (G pm ) or D Tm {G) . Then 
A is Auslander regular of (left and right) global dimension equal to d = dim^C A finitely 
generated A-module M is finite dimensional over K if and only if d^(M) = 0. 

Proof. By Lem. 12.61 the ring D rm (G) is a finite free extension of D ro (G pm ) on a basis a 
system of representatives for the group G/G pm . By [19], Lem. 8.8 and [15], Cor. 7.3 it 
therefore suffices to prove the proposition in the case A = D ro (G pm ). By Lem. 12.101 and 
the discussion above the ring A is seen to be Auslander regular of global dimension < d. 
Now recall that A is a complete doubly filtered X-algebra with Gr(A) = k[ui, u^]. 
Furthermore, functoriality of D(-) gives a i^-algebra homomorphism 

D(G pm ) -> D({1}) = K 

which extends to A and hence, A admits a nonzero module of finite i^-dimension. Now 
[3], Prop. 9.1 completes the proof. □ 

For future reference we repeat the following ingredient of the preceding proof. 
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Corollary 3.4. If M denotes a finitely generated D Tm (G) -module M then 

d Drm{G) (M) = d jDro(GP ™ ) (M). 

3.5. Let G be a connected split semisimple affine algebraic group scheme over ol with 
Lie algebra g. Let us assume that the odd prime p is very good for G (in the sense of 
[3], 6.6). For example, if p > 7 and no irreducible component of the root system of G is 
of type Ak p _i for some integer k > 1 then p is a very good prime for G. Let Qc be the 
complex semisimple Lie algebra with the same root system as G and let Gc denote the 
adjoint complex algebraic group associated with Qq. It is known that there is a unique 
non-zero Gc-orbit in of minimal dimension ([5], Rem. 4.3.4) and its dimension is an 
even integer > 2. Let r denote half this dimension. The values of r are well-known, the 
following table is taken from [21], 1.6. 



$ 


A B l 


Ci D l 




E 7 


E 8 


F 4 


G 2 


dim 0c 


I 2 + 21 2l 2 + l 


2l 2 + l 2l 2 -l 


78 


133 


248 


52 


14 


r 


I 21-2 


I 21 - 3 


11 


17 


29 


8 


3. 



3.6. Let G be a compact locally //-analytic group of dimension d whose Lie algebra Lie{G) 
is split semisimple over L. Assume the group scheme G has the additional property that 
the Lie algebra Ql '■= L ® OL g is isomorphic to Lie(G). Let us fix such an isomorphism 
once and for all. Choose k > sufficiently large such that exp^ is defined on A := p k+1 Q 
and such that 

G := expg(A) 

is an open subgroup of G which is L-uniform ( [13], Lem. 2.2 A). Then 

1 r 1 a k 

-L G = -A = p k g Q 
p p 

as Lie algebras over Z p where go equals g but viewed over Z p . In the following we work 
relative to an arbitrary but fixed number m > 1 and study the Z p -Lie algebra 

(3.7) f) := -L GP m = —p m Lc = p m -L G = p m+k do . 

p p p 

Let U(-) be the universal enveloping algebra of whatsoever Lie algebra we wish to consider. 
Let 

i 

be the p-adic completion of U(i)) with p inverted. It follows from [2], Thm. 5.1.4 that the 
inclusion U(t)) C U(Lie(G% )) C D(Gq ) induces a canonical isomorphism of Q p -algebras 

U^) Qp ^D ni (Gf,Q p ). 

Indeed, by [loc.cit.] there is an explicit isomorphism between {/(f))^ and the completion 
of Q p A gP ™ := Q p Cg>2 p Z p [[Gq ]] with respect to the norm on Q p A gP ™ constructed in [6], 
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chap. 7. By the explicit formulae given in [loc.cit.] this norm equals the restriction of 
to Q p A gP ™. But the latter space is norm-dense in D To (G P q , Q p ) (cf. [19], p. 19) and 



Am) 



the resulting isomorphism is easily seen to be as claimed. 
To ease notation we let 

I := m + k 

which is > 1. We fix an ordered o^-basis t)i,...,t}<f of q and recall our chosen Z p -basis 
V\,...,v n of ol- The resulting Z p -basis of Qo induces a positive PBW-filtration on the 
algebra U(qq) which makes it a deformable 7L v -algebra in the language of [3], 3.6 with 
U(Qo)i '■= U(p l Qo) being its l-th deformation. Denoting the p-adic completion of ?7(flo)/ ? 
with p inverted, by U(qo)i,q we have, according to (13. 7\\ a canonical isomorphism of 
Qp-algebras 

(3-8) m) Qp ^ U(io)i, Qp . 

Alltogether we may write 

(3.9) D ro (Gf,L) = D ro (Gf,Q p ) ® Qp L = U(S)i, Qp ® Qp L =: U^o)i, L . 

Given a G Nq^ we let 2) Q := (i>it}i) ai1 ■ ■ ■ (v n t) c i) 0!nd . Spelling out the definitions we observe 
that U(q )[ )L equals the L-Banach algebra given by all series 

A := d ^ a 

where d a G L with — > 0. It contains the kernel J of the map 

0o ®q p L ->■ 0, p <g> a h-). ap. 

If some algebra contains J we denote by (J) the two-sided ideal generated by J in this 
algebra. This should not cause any confusion. Reasoning as in (the proof of ) [16], Prop. 

2.4 the quotient algebra U(q )i )L / (J) is given by the L-Banach algebra of all series 

A := £ epfQ" 

where ep G L with le^lp'"'^' —> and 2) //3 := X)^ 1 ■ ■ ■ rj^ d . Reasoning as over 7L V this algebra 

coincides with U(g) e i, L , i.e. with the 7Ti,-adic completion, with ttl inverted, of the eZ-th 
deformation of the o^-algebra U(g) endowed with its PBW-filtration relative to the basis 
rji,...,rjrf. Recall that e equals the ramification index of L over Q p . Now taking into 
account the discussion preceding the map (12. 3p we deduce a canonical isomorphism 

(3.10) D ro (G p "\ L) = D ro (Gf)/(J) = UfahJ(J) = ^flW- 

In particular, D ro (G pm , K) = U(g) e i tL <8>l K =: U(g) e i tK as K-algebras. A this point we 
recall a deep theorem of [3]. 
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Theorem 3.11. (Ardakov/Wadsley) Let A := U(g) e i tK . If M is a finitely generated (left) 
A-module with d A (M) > 1 then d A (M) > r. 

Proof. By choice of g this follows from [loc.cit.], Thm. 9.9 combined with [loc.cit.], Lem. 
2.6 since el > and since K/L is finite. □ 

Remark: The theorem [loc.cit.], Thm. 9.9 is the analogue of Smith's theorem for p- 
adically completed deformations of universal enveloping algebras. It allows to prove a 
similar analogue for completed group algebras culminating in the main result of [loc.cit.]. 

By Cor. 13.41 we have 

Corollary 3.12. If M is a finitely generated (left) D rm (G) -module with du r (gq(M) > 1 
then d Drm{G) (M) > r. 

3.13. We now deduce the locally analytic version of Smith's theorem. Let G be an arbi- 
trary locally //-analytic group of dimension d whose Lie algebra over L is split semisimple. 
Assume p is very good for this Lie algebra. 

Let G be a connected split semisimple affine algebraic group scheme over ol with Lie 
algebra g such that 0l := L® OL g is isomorphic to Lie(G). Let us fix such an isomorphism. 
Recall that G gives rise to the natural number r > 0. Choose k > sufficiently large and 
define a compact open subgroup G of G which is L-uniform in the way described as above. 
The projective system of noetherian i^-Banach algebras D rm (G) for m > 1 defines the 
so-called Frechet-Stein structure of D(G). Without recalling the precise definition from 
[T9] this essentially means that the natural map 

D(G)^ Km D r JG) 

m>l 

is an isomorphism of topological i^-algebras (where the right-hand side is endowed with 
the projective limit topology) and that the transition maps in the projective system 
are flat ring homomorphisms. This structure gives rise to a well-behaved abelian full 
subcategory Cq of the (left) -D(G)-modules, the coadmissible modules. By definition, an 
abstract _D(G)-module M is coadmissible if 

(i) M m := D Tm (G) ®d(g) M is finitely generated over D rm (G) for all m > 1; 

(ii) the natural map M ^> hm ^ M m is an isomorphism. 

The system {M m } m is sometimes called the coherent sheaf associated to M. To give an 
example, any D(G)-modvle which is finitely presented as -D(G)-module is coadmissible. 

Remark: The theory of Frechet-Stein algebras is modelled according to the example 
G = Z p , the additive group of p-adic integers. In this case, the Fourier isomorphism of Y. 
Amice (p~|) identifies -D(Z P ) with the ring of holomorphic functions on the rigid analytic 
open unit disc over K. The latter is a quasi-Stein space in the sense of R. Kiehl ([?]) and 
the Fourier isomorphism identifies the category of coadmissible modules with the coherent 
module sheaves on the disc. 
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By Prop. 13.31 the rings D rm (G) are Auslander regular with global dimension equal to d. 
This implies ([IS], §8) that the category C G is equipped with a well-behaved canonical 
codimension function defined as codim(M) := ju<Q\{M) for a coadmissible module M. 
This number does not depend on the choice of G. To make the comparison with the 
work [3] more transparent we introduce the dimension function dim(M) := d — codim M. 
Hence < dim(M) < d if M ^ and dim(O) = -oo. 

For the definition of an admissible locally analytic representation as well as the founda- 
tions of the theory of such representations we refer to [IS]. However, we at least recall 
([loc.cit.], Thm. 6.3) that the abelian category Rep G (K) of admissible locally analytic G- 
representations over K is (essentially by definition of admissibility) anti-equivalent to C G . 
The functor is given by sending a representation V to its so-called strong dual M := V£. 
As a locally convex i^-vector space V£ equals the continuous dual of the locally convex 
vector space V endowed with a certain strong topology (see \Tf\ for all terminology from 
non-archimedean functional analysis). The contragredient G- representation on V£ extends 
naturally to a D(G)-modu\e structure giving the coadmissible module. It is known that 
any admissible-smooth G-representation is admissible ([loc.cit.], Thm. 6.6). 
If V denotes an admissible locally analytic G-representation over K we let 

dim(V) := dim(M) 
where M := Vl is the associated coadmissible module. 

It follows from [20], §5 that there is a filtration of the category Rep G (K) by Serre sub- 
categories 

Rep a G (K) = Rep a G {K) d D itep£ (#)«*-! D ... D Rep a G {K) x D Rep G (K) 

where V G Rep G (K)i if and only if dim(V^) < %. It is known ([15] . Cor. 8.3) that the 
smooth-admissible representations are concentrated in dimension zero. 

Theorem 3.14. Let V denote an admissible locally analytic G-representation over K with 
dim(V^) > 1. Then dim(l^) > r. 

Proof. Let M := VI denote the associated coadmissible module. As an immediate conse- 
quence of [IS], lem. 8.4 we have dim(M) := sup m>1 d£) rm (G)(M m ) and hence dim(M) = 
di) (G)(M m i) > 1 for a particular m' > 1. Now apply cor. 13.121 to M m r. □ 

Proposition 3.15. Let V be as above. Then V is zero- dimensional if and only if the coherent 
sheaf of M := consists of finite- dimensional K -vector spaces. 

Proof. If V is zero-dimensional then c?D rm (G)(^m) = for all m > 1 and the claim follows 
from prop. 13.31 The other implication is [IB"] , thm. 8.4. □ 
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